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INELASTIC COLUMN STABILITY
SUBJECTED TO TIME-DEPENDENT LOAD

L. H. N. LEE

University of Notre Dame, Notre Dame, Indiana

Abstract-The dynamic stability of an initially straight, inelastic column subjected to a time-dependent axial
load just beyond the tangent modulus load is studied. The results indicate that the straight configuration, which
is stable under "dead loading", is dynamically unstable. When the load becomes constant, the column seeks a
deflected, stable equilibrium configuration which depends on the nature of transitory disturbances. Furthermore,
within certain bounds, there may be a continuous distribution of such configurations.

INTRODUCTION

THE stability and bifurcation phenomena in inelastic columns have been recently and
extensively studied by Hill and Sewell [1]. They have shown that bifurcation of stable
equilibrium configurations may occur quasi-statically at any load between the Shanley [2]
and Engesser-Karman loads. Hill has stated elsewhere [3] that when the internal work of
distortion of a solid is path-dependent, consideration should be given to the effects of
dynamically possible paths on stability. The purpose of this paper is to explore such effects
on the stability of an inelastic column.

The word stability may have various connotations depending on the viewpoint one
takes but its basic meaning has to be in a dynamic sense. The classical definition of stability
by Dirichlet and Kelvin may be stated as follows. A body is in a state of stable equilibrium
if, in the motion following any kind of transitory disturbance, the amplitude of the addi­
tional displacement is always vanishingly small when the disturbance itself is vanishingly
small. Even within the context of this definition, different results may be obtained if not all
possible disturbances have been considered. Also, at times, the definition may not be
sufficiently discriminative. For instance an initially straight, inelastic column subjected to
an axial load just beyond the tangent modulus load may have two equilibrium configura­
tions: a straight form and a bent form [4]. According to the definition, it may be shown that
either one of the two configurations is stable, if the load is a "dead load" and if lateral dis­
turbances are considered only. However, available experimental results indicate that the
bent form is usually preferred. Therefore, there is a difference in the degree of stability
between the two configurations. It will be shown in this paper that, if the axial load is time­
dependent, which is physically the case, the straight configuration is dynamically unstable.
Furthermore, the instantaneous response of the column material to motion depends on the
history of motion. Therefore, the course of bending motion is sensitive to the initial condi­
tions, dynamic disturbances and the entire loading process.

Real transitory disturbances are usually irregular and random in nature. However,
only the effects of those disturbances which excite the fundamental mode of deflection are
analyzed. The dual response (loading and unloading) of the material gives rise to compli­
cations which make a universal description of motion difficult.
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COLUMN MODEL

For convenience of analysis, a long, initially straight column of a uniform rectangular
cross-section and with hinged ends is considered. Its dimensions are length I, section width
b and depth 2a such that 2a < band 2a ~ I. The lower end of the column is stationary
while the upper end may move vertically downward. At first, the column is stationary and
subjected to a central vertical load P in compression beyond the stage where its behavior
is purely elastic. Then the load may be increased by a total increment p applied at a con­
stant rate S in a finite duration tl' Meanwhile, the column may be subjected to a lateral
impulsive disturbance in the form of a prescribed initial velocity distribution. The lateral
motion of the column and the subsequent equilibrium configuration are to be investigated.

It is assumed that the rate ofaxial loading is sufficiently slow so that the internal resultant
axial force may be considered constant along the entire length of the column. Furthermore,
only lateral motions involving large wave lengths (compared with 2a) are considered.
Thus the effects of rotational inertia and transverse shear may be neglected. It is also
assumed that the motion and deformation of the column are sufficiently small such that it is
unnecessary to make a distinction between the true and nominal stresses or between the
spatial and material descriptions of the motion.

For the purpose of this paper, the property of the column material may be character­
ized by a single tangent modulus E, associated with incremental plastic loading and a
Young's modulus E associated with elastic unloading. In other words, the axial stress rate
6' and strain rate i (positive in compression) are related by

6' = E/- for B = B* and i > 0

6' = Ei = Eie for B < B*

(la)

(I b)

where e* is the largest local compressive strain that the material has ever experienced.
The total strain rate, i, may be separated into two parts, elastic strain rate i e and irrever­
sible plastic strain rate i P such that

i
P

={oO'(1 /Et -l/E) for (1 = (1*

for (1 < (1*

where (1* corresponds to e*.

and &> 0
(2)

BASIC EQUAnONS

Let the origin of the cartesian axes of reference (x, y, z), in the undeflected configuration
be at the centroid of the base, the x-axis being along the line of centroids (positive upward)
and the y-axis being parallel to the depth of the sections. The respective displacement
components of the centroid ofa section are denoted by u, vand w. For symmetrical bending,
the only deformation considered in the paper, w = O. Let the axial strain at a centroid be
So or e(x, y, 1)ly =o = eo(x, 1). Assuming that u ~ v, the centroidal strain vs. displacement
relationship may be written as

t'lu(x, t) 1 [CV(X, t)J2.
2 ex (3)
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(4)

Assuming the Euler-Bernoulli approach, the strain rate elsewhere may be expressed in
terms of the centroidal strain rate, Eo and the lateral velocity V, or

. . c2 v(x, t)
£(x, y, t) = £o(x, t) +Y "2

ex

The bending behavior of the column depends on the position of the neutral surface,
I'/(x, t), defined by E(x, 1'/, t) = 0 or

Eo
I'/(x, t) = - "2'r 2"c vex

(5)

(6)

The position of the neutral surface in turn depends on the axial equilibrium condition

fa {S for 0 S t s t \
b ady = .

-a 0 for t>t\

The rate of change of internal bending moment, M;, about a centroidal axis of a section is
given by

M; = -b J~a aydy

a2 iJ
- E*(I'/)I-,,-

ex 2

(7)

where I = j-ba3 and the effective modulus E* depends on 1'/. The active moment consists of
two parts: the moment produced by the axial load and the moment produced by the
transverse inertia forces. By using D'Alembert's principle and by balancing the internal
and active moments, the following equation of motion is obtained:

8
2 {f' * c2

v(x, T) }T2 I E [I'/(x, T)] c 2 dT
ex oX

(P S)
a2v(x, t) c2 v(x, t) _ 0

+ + t "2 +m ;l 2 -ex et
(8)

where m is the mass per unit length of the column. Equation (8) together with equation (6)
determine the functions u(x, t) and v(x, t). Equation (8) indicates that the lateral motion
and the material response are inter-related. The solution of equation (8) depends on the
initial conditions and the history of loading process. In general, a piecewise approach
may be necessary for solving equation (8), because the derivatives of the effective modulus
with respect to time or space may be piecewise continuous.

CASE OF CONSTANT EFFECTIVE MODULUS

When the initial lateral disturbance is relatively small, the situation E~ 0 and £ = s*
may occur everywhere in the column within the time interval 0 S t S t \. In other words,
by equations (1,4, and 6),

. S
£0=--

2abE,
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and

L. H. N. LEE

(9)

(10)

e2 i! S
- < -- for 0 :0:; t :0:; t 1 .
i)x2 2a2bEt

In this case, the effective modulus E* = E, is a constant and equation (8) admits a simple
solution corresponding to the fundamental mode of motion of the form

v= f(t) sin n; for 0 :0:; t :0:; t1

which satisfies the boundary conditions v = i)2 V/ OX2 = 0 at x = 0, I. Substituting v from
equation (10) into equation (8), the following equation is obtained for determining the
function f(t):

d
2f n

2
(n

2
EtI ) n

2
St

dt2 +mP -P- - P f - mp·f = O.

Using the following factors:

and

where, the tangent modulus load

equation (11) may be written as

This equation may be solved by assuming a series solution of the form

,:t)

f = L antn+k.

n=O

(11)

(12)

(13)

(14)

(15)

(16)
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(17)

(18)

where the constant A indicates the amplitude of the initial velocity distribution and the
constant B represents the magnitude of the initial geometrical deviation from a straight
column. In the subsequent analysis, A is used only to indicate the intensity of the lateral
disturbance. It is to be noted that, by a ratio test, the series in equation (17) is absolutely
convergent for (wt)2 < 00 and At3 < 00. An examination of equation (17) shows that the
lateral displacement grows monotonically with time for the case w2

::; 0 or P/Pt :?: 1.
This means that the straight configuration of the column under a load larger than or
equal to the tangent modulus load is intrinsically unstable. It is to be noted that equations
(10 and 17) are valid as long as inequality (9) holds. As time progresses, inequality (9) will
be eventually violated, and unloading may develop in some parts of the column. Then
the motion may follow some other course governed by equation (8).

It would be of interest to examine the case P/Pt < 1. For a better picture ofthe behavior,
the solution by equation (17) may be expressed in the following form

f ,[ . A( t. t
2

) ]= A sm wt+4 w2sm wt- w2COS wt + ...

B'r A( t t
2
.) ]+ LCOS wt+ 4 w2COS wt+ w sm wt + ....

Equation (18) shows that the column may develop an oscillatory motion in the neighbor­
hood of the straight configuration with its amplitude gradually increasing with time.
The rate of increase depends on the factor A/w. When P/Pt -. 1, w -. 0 and the motion
diverges.

When t = t1, the amplitude function/, by equation (17), may have a value off1 and its
first derivative with respect to time may have a value A 1 • By inequality (9), it may be shown
that

r - Cap for 0 < C < 1
J1 - 3P

t
(19)
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where C is simply a proportional factor. By examining equation (17), it is obvious that
A1 > A and that A 1 J1 and A have the same sign for the case PIP, 2: I, but not necessarily
so for the case PIP, < 1. The deflection and momentum attained by the column at t = t 1

will induce the following motion. Let the lateral deflection of the column be

and when

v(X, t) = I1 sin n; +v'(x, t) for t 1 < t < t3 (20)

v' = 0,
ct' iV nx

= - = A 1 sin-
et Dt l

(21)

where t 3 is the time when the direction of motion reverses. It may be shown by equation (6)
that unloading occurs in part of the column. However the position of the neutral surface
is constant and is given by

(22)

By equation (7), the internal bending moment is found

(23)

where E, = 4EE,/(JE +J E,)2 is the so-called reduced modulus. By equation (8), the
equation of motion for the time interval may be written as

84v' e2v' ~2P+P )cap . nx iJ2 v'
E,I;: 4+(P+P)-;--T-/2 ---I-SIll / +m~=O.

uX loX P, 3 (it
(24)

Using the initial conditions given by equation (21), the solution of equation (24) is found
to be

I {A1. I n
2 (P +P ) Cap , }v = '-SIllw(t-ttJ+-'-22---1 -[I-cosw(t-t1 )]

w' mw l P, 3

where

and

is the Engesser-Karman load.

(25)

(26)

(27)
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The time t3 may now be determined by the condition that the forward velocity is
reduced to zero at t3 or

(28)

(29)

The corresponding displacement function is found to be

{
I [j( 2 n

4
(P+P )2 (Cap )2)v3 = v(x, t 3 ) = w' At + rn2w'2[4 ----p;--1 -3-

n2 (P+ p )cap] cap}. nx+-- ---1 -- +-- SIn-.
rnw' [2 Pt 3 3Pt [

Equations (25-29) indicate the following interesting facts. First, the angular frequency
of the oscillation is increasing because E, > Et and w' > w. Second, if (P+p)/P, -+ 1, the
motion diverges. This means that the column is unstable when it is subjected to a load equal
to the reduced modulus load, for constant or time dependent loads. Third, the maximum
lateral displacement and the corresponding time t 3 ofthe case P/Pt < 1 are less than that of
the case PlPr ~ 1.

At the time t 3' the column reverses its direction of motion. In the subsequent motion,
it may be shown that the position of the neutral surface is no longer constant with respect
to time or space and the stress histories become more complex. Analytical determination
of the motion beyond time t3 becomes difficult. It would be possible to employ a digital
computer to determine the subsequent motion if necessary. However, a qualitative des­
cription may be sufficient for the present purpose.

During the time interval 0 < t < t 3 , most ofthe initial kinetic energy has been expended
in performing irreversible plastic work on the column material. Meanwhile, the material
has been work-hardened and the effective modulus everywhere quickly approaches the
elastic modulus in the subsequent cycles of motion. The angular frequency increases while
the amplitude of the oscillation diminishes with each cycle of motion. If no additional
axial loading or lateral disturbance occurs, the column may come to rest finally. The final
equilibrium configuration cannot be determined exactly without analyzing the total
motion. However, the equilibrium configuration may be within certain geometrical
bounds which may be determined by evaluating the work and energy.

WORK AND ENERGY

Consider an arbitrary inelastic solid of instantaneous volume V, surface area n, and
mass density p. The body may be currently subjected to body forces F j , surface tractions 1;,
and internal stresses Gij' A scalar product ofeach side of the equation of motion

(30)

with the actual velocity uj of an element of the body may be formed. The repeated sub­
script j implies the conventional summation in a cartesian coordinate system. By inte­
grating the scalar products over V, the following work-energy rate equation may be
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obtained:
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O+D-W+K = O.

Where 0 is the rate of accumulating elastic strain energy or

0=LO"ijEfjdV;

D is the rate of dissipating internal work·or

D = LO"ijE~dV;

W is rate of work performed by the external forces or

W = Iv pFiuidV+ in 1;ui dO ;

and K is the rate of accumulating kinetic energy or

. dt 1 ••K = -d 2PU iUi d V.
t v

(31)

(32)

(33)

(34)

(35)

In equations (32 and 33), Efj and Efj are the elastic and plastic part of the strain rate Eij'
respectively, or

(36)

The rate equation (31) is considered because of the dual characteristics of the stress-strain
relationship. However, equation (31) may be integrated with respect to time to obtain a
relationship between the work and energy differences. It is to be noted that the rate of dis­
sipating internal work is always positive or irreversible and that the elastic strain energy is
only partially reversible when internal constraints exist. Equation (31) may now be used to
evaluate the energy balance in the column problem.

Referring to the motion of the column in the time interval 0 ::; t ::; t 1 described in the
last section, the elastic strain energy, dissipative and external work differences according
to equations (32-34) are found to be

(37)

(38)

and

(39)

where the subscripts 0 and I refer to the time t = 0 and t = t 1 , respectively. In calculating
WI - Wo, the axial displacement rate Ii at x = I by equation (3) is used. In view ofequation
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(40)

(31), the kinetic energy difference is found to be

CZpz[ ( P 2 p)
K1-Ko = 24abE

t
P

t
-

1+3 p,'

An examination of equation (40) shows that there is a gain in the kinetic energy at t 1

compared to that at t = 0, if

(41)

(42)

and there is a loss, if

P < P (1-~ ~)., 3 P,

If the kinetic energy gain or loss is used as a criterion for the instability or stability, then
the above evaluation again indicates that the initial straight configuration is stable when
P < P, (with p -> 0) and unstable when P > P,.

An examination of equation (25) shows a time-independent term. It represents a con­
figuration, to be designated by Vz = V(X. 1z), occurring at a time 1z when the total kinetic
energy K = K z is a maximum. It may also be shown that Vz is an equilibrium configuration
in the sense that the internal and external forces are in equilibrium and that the inertial
forces are zero because cZv/ctZ= 0 at 1 = 1z . Furthermore, when K z is a maximum, by
equation (31), the sum (V z+Dz - Wz) is a minimum. Because t> is always positive, the po­
tential energy of the system (V-W) can be a minimum only at a time t ~ t z . At time 13 ,

K 3 = 0 and (V 3 +D3 -W3 ) is a maximum. However, (V 3 -W3 ) may have any relative
value. If (V 3 - W3 ) is a minimum, V3 is a static equilibrium configuration. If (V 3 - W3 ) is
not a minimum, the direction of motion reverses and the column, under the prescribed
conditions, eventually seeks a final equilibrium configuration of a lower potential energy
of a configuration vex:(x, 00) within the bounds

(43)

In general, when E, approaches E, Vex:' approaches Vz ; when E t approaches zero, v,,} ap­
proaches v3 .

CASE OF VARYING EFFECTIVE MODULUS

When the initial lateral disturbance is sufficiently strong, inequality (9) may be violated
at the very beginning ofthe motion. In that case, the effective modulus is no longer a const­
ant and an exact analytical solution of equation (8) is not readily available. To seek an
approximate solution ofthis phase of the problem, the energy criterion is employed and the
following suggestion is made.

Assume that the time duration 0 < t < t 1 is sufficiently short such that the lateral
velocity distribution remains a half-sine wave in shape for the entire duration ifit is initially
so. In other words, let the average velocity distribution be

. CaS. nx
v = ~- sm~ for 0 < t < 113P, I

(44)
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except that, for unloading to occur, the lateral disturbance must be such that C > 1.
Knowing the velocity distribution, the average axial strain rate eo may be determined by
equation (l, 4-6) or

and

. S
eo = -2b for 0 < x < hi

a Et

. S {I +a . TCX j[4Ca . TCX (C . TCXeo = -- --Csm-- --sm- --sm-
2abEt 1- IX I 1- IX I 1- a I

(45)

l)J} for hi < x < ~ (46)

where

1. I 1
h = -sm- ­

TC C
(47)

and

(48)

(49)

(50)

where

The strain rate distribution is symmetrical with respect to the x = 1/2 line. The total work
performed by the axial load during the time interval may be determined by equations (3,
34,44-46) or

Pl{ (1+IXJ(C
l
-I») Clp(P 2 P)}

WI-Wo = 2abE, (2P+p) h+ l _ a TC PI +12 P,+3P,

If"llj[4Ca (C )JPI = - -- sin 0 -- sin 0 - 1 dO.
TCh I-IX I-a

By equations (1,4,5,32 and 33), the total energy stored and dissipated in the material in the
period is found to be

pi { ( l+aJ(Cl-l) ) {( C
l

) J(C
l
-l)

(U I +Dd-{Uo+Do) = 2abE, 2P h+ I-a n fil +p 1+6 h- 6n

}

(51)

+ 2(1+~[(1._h)C2+v1c2-1)J __2_(ap +2CP)}
3(1 a)l 2 TC 3(1-a) I 1

where

(52)If"ll V[4Ca (C )JP2 = - sinO --sinO --sinO-1 dO.
TC h I-a I-IX

According to equation (31), the kinetic energy gain or loss during the period is equal to the
difference between the external and internal work given by equations (49 and 51) or

pli {J(Cl -1) 3 -6a - 5a2
K -K --- -'-------~

I 0 - 2abE, TC 6(1 _ a)2

+ C
l

[P -2h+~ J! 8(_1+_IX)(1._h~
12 PI 3 PI (I-a)l 1 ~

+3(1 ~a)[(5a-3)fil +4CPl]}

(53)
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Equation (53) indicates that the energy gain or loss depends on the four dimensionless
factors C, a, PIPt and plPt (h is a function of C). By evaluating the various terms of equation
(53), a few interesting facts are found. When C = 1, equation (53) may be reduced to equation
(40). When [PIPt+~(pIPt)J < 1, there will be a kinetic energy loss for any value of C ~ 1.
For the case PlPt = 1, plPt -+ 0 and a -+ 1, it may be shown that

f31 -+ ~ J(C 2
-1), (54)

n I-a

[
C 1 J(C 2 -1)]

f32 -+ (l_a)b;-h)+ nC(l-a) (55)

and that there will be a kinetic energy gain for any C > 1. In this case the load approaches
the elastic Euler buckling load. Thus any additional axial load and lateral disturbance would
cause the motion to diverge.

For other values of PIP!' plPt and a, a numerical evaluation of equation (53) will lead
to a critical value of C, say Ce , beyond which there will be a kinetic energy loss. For example
when PIPt = 1, plPt -+ 0; a = 0·2, K1-Ko < 0 for any C> 1·01. In fact, as long as
a < 1 and PIPt = 1, a critical value of Ce exists such that K1-Ko < 0 for any C > Ce .

In other words, when the axial load is in the vicinity of the tangent modulus load and when
the initial disturbance causes a portion of the column to be in the state of unloading, the
initial kinetic energy will be dissipated and the column eventually will seek a deflected
equilibrium configuration.

Although the velocity field posed by equations (44-46) is dynamically and kinematically
admissible, it may not be that of a critical dynamic "path". A critical dynamic path of an
inelastic body may be defined as follows. Assume that the body is subjected to prescribed,
time-dependent surface tractions and displacements. In the course of applying the dynamic
tractions, the body may be subjected to arbitrary, transient external disturbances. A critical
dynamic path is the motion following a certain combination of external transient dis­
turbances such that the rate of gaining kinetic energy is relatively a maximum or the rate
of losing kinetic energy is relatively a minimum. The difficulty of determining such a
critical path is not only in solving an equation of motion such as equation (8) but more so in
finding that critical combination of external transient disturbances. These difficulties may
be more thoroughly resolved in the future. The plausible results obtained by the velocity
field given by equations (44-46) indicate that the velocity field is very close to that of a
critical path, at least for cases having a value of C slightly larger than unity.

CONCLUDING REMARKS

It is clear from the foregoing analysis that when the internal work of distortion ofa solid
is path-dependent, its stability depends on the loading process and the characteristics of
external dynamic disturbances. For the case of an initially straight, inelastic column sub­
jected to an axial load slightly beyond the tangent modulus load, the straight configuration,
which is stable by a quasi-static analysis, is dynamically unstable. After external disturbance
has diminished, the column seeks a deflected, stable equilibrium configuration. It has been
shown that, within certain bounds, there may be a continuous distribution of such configur­
ations. Thus consideration of dynamically possible loading paths may lead to more
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complete knowledge of the behavior of non-linear, non-conservative solids which may not
be obtained by quasi-static considerations alone.
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(Receiped 28 April 1966)

Resume-La stabilite dynamique d'une colonne initiallement droite, non elastique soumise a une charge axiale
dependant du temps juste au dela de la charge du module tangentielJe est etudiee. Les resultats indiquent que
la configuration droite, qui est stable sous une charge morte, est dynamiquement instable. Lorsque la charge
devient constante, la colonne recherche une configuration aequilibre stable, devie qui depend de la nature des
perturbations transitoires. En outre, it l'interieur de certaines limites, il peut y avoir une distribution continue
de telles configurations.

Zusammenfassung-Die dynamische StabilitiH eines anfanglich geraden unelastischen stabes der einer zeitab­
hlingigen Axialbelastung die tiber der Tangentenmodulbelastung unterworfen ist, wird untersucht. Die Resultate
zeigen eine gerade Konfiguration die unter "toter Belastung" stabil ist aber dynamisch unstabil. Wenn die Bela­
stung konstant wird, neigt der stab zu einer stabilen Gleichgewichtskonfiguration, die von der voriiberge-.
henden Storung abhiingig is!. Ferner konnen, im Rahmen gewisser Grenzen, fortlaufende Verteilungen dieser
Konfigurationen auftreten.

A6cT))llKT-l'JccJle.nyeTCli .lUfHaMH'leCKali yCTOH'lHBOCTb HAtJaJJbHO npJlMOJUlHeHHoil:, HeynpYToli KOJlOHHbl,

no,nBcplKeHHoli oceBOH Harpy3Kc, 3aBHclllueH OT BpeMeHH Ii He3Ha'fIiTeJl1>HO npeBblillalOlUeH KacaTeJl1>HO­

MO-l\YJl1>HYIO KpHTH'fecKylO CHJlY, Pe3YJl1>TaTbI nOKa3YIOT, 'fTO npllMOJlHHeHHa.ll lPoPMa, KOTOpa.ll lIBJl.lleTC.lI

YCTOH'fHBOli npH "MepTBoH HarpY3Ke", OKa3b1BaeTC.II l\RHaMH'fCCKH HeycToil.'fHBoil:, Korl\a HarpY3Ka

CTaHOBHTC.II rrocTollHHoil., KOJlOHHa npHo6peTacT H30rHyTylO .pOpMy yCToil.'fHBOrO paBHOneCH.II, KOTOpall

JaBHCHT OT npHpO)lbl BpeMeHHbix B03MYlUeHHli. ,l],aJIee, rrpR HCKOTOpblX orpaHH'fCHHlIX, MOlKCT CYlUecT­

BOBaT1> HcnpepblBHoc pacnpe,neJleHRC TaKHX .pOPM,


